The theory of secondary and ber polytopes implies that regular (also called convex or coherent) triangulations of con gurations with n points in In a similar way, we show that for three dimensional point con gurations, in convex position and with no three points collinear, all triangulations have at least n ? 4 geometric bistellar ips. In contrast, we exhibit three dimensional point con gurations, with a single interior point, having de ciency on the number of geometric bistellar ips. A lifting technique allows us to obtain a simplicial convex 4-polytope with less than n ? 5 neighbors. We also construct a family of point con gurations in R 3 with arbitrarily large ip de ciency.
Introduction
By a triangulation of a nite point con guration A we mean a geometrically realized simplicial complex all of whose vertices belong to A and the union of whose simplices covers the convex hull conv(A) of A. In this note we are interested in topological operations that connect two triangulations of A. Informally, they consist of nding a subcomplex of the triangulation, which is isomorphic to part of the \lower" boundary of a simplex, and then replacing it with the \upper" boundary of the same simplex (see precise de nition below). Because of the importance of a notion of adjacency of triangulations of a manifold in several di erent topics, the set of triangulations of a point con guration has been assigned this kind of topological operation (see for instance 1 Let K be a triangulation of A and Z A a circuit. We say that K is supported on Z if the following conditions are satis ed: 1. One of the triangulations k + (Z) or k ? (Z) is a subcomplex of K. 2 . Let F 1 ; F 2 ; : : : ; F r be the maximal dimensional simplices of k + (Z) (similarly k ? (Z)); then the link of F i in K is the same simplicial complex L for all i = 1; : : : ; r. We observe that if a triangulation K is supported on the circuit Z, then we obtain a new triangulation of A, as follows: replace the complex k + (Z) L, with the complex k ? (Z) L (or vice versa). This operation of changing the triangulation is called a rigid bistellar ip or geometric bistellar operation. We say that the ip is of type (k; l) if Z + and Z ? have k and l points respectively; equivalently, if the complex k + (Z) to be eliminated has k maximal simplices and the complex k ? (Z) to be introduced has l maximal simplices.
Note that the usual notion of ip or diagonal exchange studied in the computational geometry literature for planar triangulations (see for instance, 7] and 10]) is extended (corresponds to ips of type (2, 2) ). Points of a conguration appear or disappear in ips of types (1; k) and (k; 1) respectively and the most complicated ips are determined by low dimensional a ne dependences; in particular we do not assume that the points are in general position. Parts (a), (b) and (c) of Figure 1 show the three possible types of ip in dimension 2, which are suported in circuits of type (2,1), (3,1) and (2,2) respectively. Parts (d) and (e) show the two types in dimension 3 and general position, supported on circuits of type (4,1) and (3,2) respectively. The conditions for being able to perform a geometric bistellar ip are topological (e.g. link condition) and geometric (circuit Z is triangulated appropriately). One can consider topological, non-geometric bistellar ips; those where only the topological conditions are satis ed and the coordinates of the points do not play a role. In the abstract notion it is allowed to add arbitrarily many points to the triangulations, while here we are limited to the set A. Pachner 14] has shown that the set of triangulations is connected by nitely many topological non-geometric bistellar ips, but it remains an open question whether any two triangulations of A are connected by geometric bistellar ips. At present the geometric bistellar connectivity is known only in a few cases (see 11] 12] and 15]).
A natural question is: can there be a triangulation without geometric bistellar ips? or is there a triangulation with fewer geometric bistellar neighbors than the regular triangulations? We answer the second question a rmatively. This may indicate that although the triangulations of some A may be connected, it could be hard to travel between two of them. Already within the context of topological bistellar ips Nabutovsky has proved results that indicate it could be di cult to travel between a pair of triangulations 13].
The results in this paper are summarized as follows: Theorem 1.1 1. Every triangulation of an n point con guration in the plane has at least n ? 3 geometric bistellar ips.
2. Every triangulation of a point con guration with n points in convex position, no three points collinear, has at least n?4 geometric bistellar ips.
3. For each value of n there is a con guration in R 3 with 5n points and having only 3n ? 2 geometric bistellar ips.
4. There exist triangulations of simplicial 4-polytopes with n vertices and fewer than n ? 5 geometric bistellar ips.
If T is a triangulation of n points in dimension d, we say that T has ip de ciency if T admits less than n?d?1 geometric bistellar ips. In Section 2, we present the proofs of items 1 and 2 of Theorem 1.1. Section 3 contains several examples which in particular prove parts 3 and 4.
Two cases without ip de ciency
The topological structure of the space of polyhedral subdivisions of an n point con guration in R 2 was studied by Edelman and Reiner 6]. They proved the complex of subdivisions (ordered by re nement) has the homotopy type of a sphere of dimension n?3. Here we prove a quantitative result about the geometric bistellar neighbors, not included in that analysis. Theorem 2.1 Every triangulation of an n point con guration in the plane has at least n ? 3 geometric bistellar ips.
Proof: Let T be a triangulation of an n point con guration A in R 2 . If there is a ip that inserts a point P, then T can be considered as a triangulation of A n fPg and induction on n shows that it has at least other n ? 4 ips. Hence we assume that the triangulation uses all the points of A.
We say that an edge of T is ippable if it is interior (not contained in the boundary of A) and the two triangles incident to it form either a strictly convex quadrilateral or a quadrilateral with two consecutive edges whose union is a straight line segment contained in the boundary of the convex hull of A. In the rst case there is a ip of type (2,2) which removes the ippable edge and inserts the other diagonal of the quadrilateral, and in the second case there is a ip of type (2,1) which removes the interior edge and joins the two consecutive collinear edges into one (corresponding to the upper half of Figure 1 For an interior non-ippable edge a, the union of the two triangles sharing a is a quadrangle with a concave or at vertex which we will call the vertex associated to a. If a vertex p is associated to four interior edges, then the four edges form two pairs of collinear edges with p as a common end and there are two ips of type (2,1) which make p disappear. If p is associated to three interior edges, then the star of p looks like either part (a) or (b) of Figure 1 , and there is one ip (of type (2,1) or (3,1)) which makes the point p disappear.
Hence, the number of interior non-ippable edges is no greater than twice the number of interior points plus the number of ips which make a point disappear. In other words, the total number e i of interior edges is no greater than the total number of ips plus twice the number n?e b of interior points.
Thus the number of ips is at least e ? 2(n ? e b ) = n ? 3, as desired. Now we consider the case of three dimensional point con gurations. Let T be a triangulation of a point con guration A in R 3 in convex position.
By this we mean that all the points of A are in the boundary of conv(A).
We further assume that no three points are collinear and that T uses all the points of A. In this case the possible ips which may appear are of types (3,2), (2,3), (2,2), and (3,1), but the latter appears with the restriction that all four points lie in the same facet of the boundary of conv(A); otherwise the interior point of the circuit is in the interior of conv(A), contradicting the convex position assumption.
Consider the union of two tetrahedra A := p; q; r; s] and B := q; r; s; t]. We say that the edge q; r] of the common triangle q; r; s] is convex, at or concave for the pair (A; B), or for the triangle q; r; s], if the dihedral angle of A B at q; r] is less than, equal to or greater than 180 degrees, respectively.
The proof that T has at least n ? 4 ips follows the same lines as the proof of the 2-dimensional case, but more cases have to be considered. We will divide the ips of T in triangle-ips and edge-ips according to the following:
(a) A ip is called a triangle-ip if there is only one triangle c of T which disappears as a result of the ip. We say that the triangle is ippable. This comprises the following three cases:
A (2,3) ip. The two tetrahedra incident to c form a convex bipyramid. The ip removes c and inserts the axis of the bipyramid, as well as three triangles incident to the axis. A (2,2) ip with the circuit in a facet of conv(A). The bipyramid in question has only one non-convex edge which is at and lies in the boundary of conv(A). The ip removes c and the at edge and inserts the other diagonal of the quadrilateral formed in the facet, as well as a triangle incident to it. (b) A ip is called an edge-ip if it is not a triangle-ip and there is only one edge e of T which disappears as a result of the ip. We say that e is a ippable edge. This comprises the following cases: A (3,2) ip: the star of e is a convex triangular bypiramid with e as axis, triangulated with the three tetrahedra which have e as an edge. The ip removes e and the three triangles incident to it and inserts a triangle which intersects e. A (3,1) ip with the circuit in a facet of conv(A). The ip removes the edge e as well as the three tetrahedra incident to it, which now form a triangular pyramid with one of the extremes of e as apex and the other in the interior of the base. The ip removes e as well as the three tetrahedra incident to it and puts the pyramid instead. A (2,2) ip with the circuit not in a facet of conv(A). The star of e has four tetrahedra and at least two of the four triangles incident to e form a planar convex quadrilateral. The ip removes e and inserts the other diagonal of the quadrilateral. It is like two triangle-ips of type (2,2) performed at the same time.
Theorem 2.2 Every triangulation of an n point con guration A R 3 in convex position, without collinearities, has at least n ? 4 geometric bistellar ips.
Proof: Let T be a triangulation of an n point con guration A in R 3 , in convex position. Again, if T does not use a certain point a 2 A, then it has at least n ? 5 ips as a triangulation of A n fag plus the ip which inserts the point a. Thus, we assume that T uses all the vertices. Let t denote the number of tetrahedra and let f i and f b (resp. e i and e b ) be the numbers of interior and boundary triangles (resp. edges).
Euler's formulas for the 3-ball and the 2-sphere imply:
f i + f b + n = t + e i + e b + 1; f b + n = e b + 2:
We also have 2f i + f b = 4t; 2e b = 3f b : Putting these equations together we obtain e i = t ? n + 3; f i = 2t ? n + 2:
As a consequence we have the following important relation: f i ? 2e i = n ? 4: In an analogous way to the proof of Theorem 2.1, we will associate the interior non-ippable triangles of T to certain interior edges of T and then use a counting argument to conclude that the number of ips is at least n ? 4. To formalize this, we consider each non-ippable interior triangle as having a \unit of charge", which we will transfer to one of its three edges. Observe that if c is a non-ippable interior triangle and A and B are the tetrahedra sharing it, then at least one of the edges of c is at or concave in A B. There are two cases:
1. If one of the edges of c is concave in A B, then it is interior and is the only concave edge of the pair (A; B), because if there are two concave edges their common end point cannot be in the boundary of conv(A).
We give the charge of c to this concave edge. 2. Otherwise there is a unique non-convex edge of c which is at for the pair (A; B), because two at edges would imply the existence of three collinear points. Moreover, the at edge is interior because otherwise c is ippable according to the discussion above. We give the charge of c to the at edge.
We claim that the total charge of the interior edges is at most twice the number of interior edges plus the number of edge-ips. From the claim it follows that the total number of interior triangles f i is at most the total number of ips plus twice the number of interior edges e i . Thus, the number of ips is at least f i ? 2e i = n ? 4, as desired.
To A more elaborate argument makes it possible to eliminate the hypothesis that no three points are collinear. The idea is again to distribute the charges of non-ippable interior triangles to the edges of the triangulation, but with ips of type (2,1) present we have to distribute the charges to boundary edges as well.
Contained in the above theorem is the case when A is the set of vertices of a convex 3-polytope. Thus, for example, we can guarantee for the Platonic solids that every triangulation of the icosahedron has at least 8 ips, every triangulation of the dodecahedron has at least 16 ips and every triangulation of the cube has at least 4 ips.
Constructions with ip de ciency
Let P 1 and P 2 be two triangular prisms with a square face of the same size. We glue them together over the square face, making sure to rotate P 2 ninety degrees, so that triangular faces of P 1 are adjacent to square faces of P 2 and vice versa (see Figure 2 ).
We will call this polytope a biprism. The con guration A of our interest is given by the eight vertices of the biprism together with the center of their common square facet. Possible coordinates for the nine points are given as columns of the following matrix. We will refer to the points by their indices. Triangulate the boundary of the biprism by inserting one of the two diagonals of each square facet, in such a way that all the vertices belong to a diagonal. There are two ways of doing this, equivalent by a symmetry of the biprism. Figure 2 shows one of them, and we will work with that choice of diagonals. Then consider the triangulation of A consisting of the cones over the triangles of the boundary with apex at the central point. More precisely, let the maximal simplices of T be f 1 It is clear that this triangulation has at least four ips supported on the four quadrilateral facets. In fact, these are the only ips, but we will prove this only after a perturbation. Theorem 3.1 There is a triangulation of a generic three dimensional conguration with 9 points, only one of them interior, with only 4 geometric bistellar ips. Proof: We perturb the above example, whose points are not in general position. All coplanar quadruples involve two of the points 6; 7; 8; 9. Let us slightly modify their x-coordinates, by a su ciently small value , in order to have the points in general position. Take for instance = 1=10. The perturbation makes the simplicial complex T non-convex. We complete it to a convex simplicial complex T 0 with the four new simplices 2; 3; 8; 9], 4; 5; 6; 8], 2; 3; 6; 7] and 4; 5; 7; 9], which replace the former square facets of the biprism. We claim that there are only four ips. A priori there are three possible types of ips: (4,1) ips removing the interior point, (2,3) ips and (3,2) ips. Removing the interior point by a ip is impossible because it is a vertex of more than four tetrahedra. Flips of type (3, 2) are in bijection with interior edges surrounded by exactly three tetrahedra. There are four such edges corresponding to the former diagonals of the squares of the biprism. Any other interior edge contains the origin and is surrounded by four or ve tetrahedra. Flips of type (2, 3) 6; 7] . None of them gives rise to a convex bipyramid.
Remark 3.2
Another example, with larger ip de ciency, can be constructed from the regular cuboctahedron with equal length edges; i.e., the convex hull of the mid-points of the edges of a regular 3-cube. Consider the thirteen point con guration consisting of the twelve vertices of the cuboctahedron and the center point. Triangulate the boundary of the cuboctahedron by inserting a diagonal in each of the squares in a way that every vertex belongs to precisely one diagonal (as shown in Figure 3 ). Cone the triangulation of the boundary with the center point, as we did with the biprism. The triangulation obtained has only six ips, supported on the square facets of the cuboctahedron. This gives a ip de ciency of three. Moreover, the points can be perturbed into general position without increasing the number of ips of the triangulation (for this, \enlarge" each of the six diagonals a little bit and then perturb in an arbitrary way).
We have detailed the biprism example because, to our knowledge, it is the smallest point con guration with fewer geometric ips than the dimension of the secondary polytope. This is interesting, since even more complex non-regular triangulations, such as Rudin's non-shellable triangulation 16], do not have this property 18]. This can also be veri ed using the program PUNTOS for the study of secondary polytopes and triangulations 5].
Lawrence construction (see 3], page 386 or 19], page 180) is a typical tool for translating results of point con gurations to convex polytopes, but it does not preserve triangulations of a con guration to its lifting. In the following proposition we show a general lifting construction, somewhat similar to the Lawrence construction, which allows us to do this. Figure 4 shows the triangles that lie in the plane y = 0, for n = 3. Each of these triangles will be joined to one of the b i and one of the c i , in a way which is consistent with part (a). We now consider the case of two adjacent tetrahedra none of which has an edge on the axis. This implies that each of them has one vertex on the axis and gives the following possibilities: two tetrahedra sharing one vertex in the axis and with the other vertices (four in total) in z = 0, or two tetrahedra sharing a triangle in z = 0. In the rst case the four points in z = 0 are a circuit and for it to be ippable it is necessary (and in our construction su cient) for the circuit to be ippable in the planar con guration of part (a) of Figure 4 . This planar con guration has 3n ? 3 ips, 3 of them in the layer between two concentric triangles. In the second possibility, either the triangle in z = 0 is a 1 ; b 1 ; c 1 ], which gives rise to the ip of the bipyramid A 1 , or we can assume without loss of generality that the triangle contains an edge a i ; a i+1 ]. In this case the two points in the axis will be d i and e i (as follows from part (b) of the Figure) and the circuit contained in the vertices of the two tetrahedra will be (fa i g; fa i+1 ; d i ; e i g). This circuit cannot be ippable in the triangulation since the edge d i ; e i ] does not appear. Thus, the total number of ips is 3n ? 2, as desired.
